We compute e −AN corrections to the Gross-Taylor 1/N expansion of the paritition function of two-dimensional SU (N ) and U (N ) Yang Mills theory. We find a very similar structure of mixing between holomorphic and anti-holomorphic sectors as that described by Vafa for the 1/N expansion. Some of the non-perturbative terms are suggestive of Dstrings wrapping the T 2 of the 2dYM but blowing up into a fuzzy geometry by the Myers effect in the directions transverse to the T 2 .
Introduction
The exact partition function of 2dYM on a torus T 2 is known and expressed simply as a sum over representations of SU (N ) [1] .
(1.1)
Gross-Taylor [2, 3] have described the perturbative 1/N expansion of the 2dYM partition function and interpreted it in terms of maps of elementary string worldheets to the T 2 .
There is a free fermion description of this system [4, 5] . A topological string theory was given in [6, 7] . Non-perturbative aspects were studied in [4] and subsequently [8] . A different approach to non-perturbative aspects was pursued in [9, 10] . Recent work of [11] has renewed interest in the structure of the non-perturbative expansion.
The Gross-Taylor approach first constructs a "chiral" perturbative 1/N expansion We would like to generalize these calculations to include Young Diagrams which contribute at order e −AN . One class of such diagrams is given in [8] . They consider Young diagrams containing k rows of length N . k is of order 1 as N goes to infinity. Attached to this rectangular block of kN boxes, there are two small Young diagrams R 1 and R 2 , with number of boxes of order 1 as N goes to infinity. R 1 is attached at the bottom left and R 2 is attached at the right. As observed in [8] we also need to consider, along the lines of [2, 3] , the SU (N ) duals of these Young diagrams, and subsequently form the chiral-antichiral composites.
There is a simple generalization of this kind of Young diagram which is also relevant.
We can consider k rectangular blocks of length lN , where l is a positive integer of order 1
as N goes to infinity. These Young diagrams also give contributions of the type e −AN , as can be seen from the formula The Casimir of (k, l, R 1 , R 2 ) can be written as
following the notation of [2] . It is clear from this formula that for Young Diagrams with l being any number of order 1 as N goes to infinity, we get contributions to the partition function (1.1), which go like finite powers of e −AN .
In section 2 we will consider a generalization where (k, l, R 1 , R 2 ) is replaced by Young
Diagrams characterized by two vectors of integers k, l with p components as well as small
In section 3, we consider composite Young Diagrams built from these generalized chiral Young Diagrams, together with their anti-chiral counterparts. We compute the Casimirs and their corresponding contribution to the partition function of two dimensional Yang Mills. In section 4, we discuss the mixing between chiral and anti-chiral contributions of these composite Young Diagrams, and observe that the structure describing this mixing given in [12] for the 1/N expansion continues to hold for the e −AN terms.
In section 5, we discuss the physical interpretation of the e −AN contributions. The plausible suggestion that they are related to D1-branes has been made in [8] . This is discussed further and the extra parameter l ( and more generally l ) poses an interesting challenge since it leads to e −ANkl(l+1) which can be interpreted in terms of D-string wrappings only if the effective brane tension seen on the T 2 base space of the Yang Mills is proportional to l(l + 1). One striking feature of the proposal in [12] is that the string dual for Yang Mills on T 2 involves a six-dimensional Calabi-Yau geometry, which is a bundle
More generally the Calabi-Yau would naturally sit in a ten-dimensional background. Our attempts to explain the l(l + 1) rely on these extra dimensions of the geometry. to the bottom of the second rectangular block, and so on up to the p'th block, and finally a small Young diagram can be attached to the right of the last block. These can be labelled Figure 1 , we have the case p = 3. The row lengths for the Young
Diagram R 1 are all positive, since negative rows for it would imply negative row lengths for the large chiral Young Diagram, which are not allowed for SU (N ). The row lengths for R 2 , · · · R p+1 are allowed to be negative, subject to the usual restrictions r i+1 ≤ r i .
Negative row lengths imply that the large chiral Diagram has a few boxes chipped away from the blocks of sizes (k 1 , N l 1 ) · · · (k p , N l p ). An example for p = 1 is shown in Figure 3 .
Since the row lengths of R 2 · · · R p+1 are small compared to N , these negative row lengths only make small modifications to the large blocks.
The basic formula for the Casimir of SU (N ) is
where r i are row lengths and n is the total number of boxes in the Young Diagram.
This large chiral Young diagrams and their Casimirs can be described with the following notation. Definek
So we have described a Young Diagram made out of large blocks described by ( k, l) and small Young Diagrams R 1 , R 2 · · · R p+1 . The row lengths for this large chiral Young Diagram are given by
. . .
A more compact way to write this
Note that, since R 1 is a small Young diagram with number of boxes small compared to N , the r i (R) given in the last line of (2.3)(2.4) vanish well before i reaches N . Now the Casimir normalized by N is described by
In the last line we have defined c 0 · · · c 3 which are to be read off from the previous
→ A, the exact YM2 partition function (1.1) can be written as
Using the above decomposition of the Casimir for choices k 1 · · · k p and l 1 · · · l p we can
where the part perturbative in the 1 N expansion is the chiral Gross-Taylor expansion. In the above we have built a "large chiral Young Diagram" with the data
where k 1 · · · k p and l 1 · · · l p are positive integers and R 1 · · · R p+1 are Young Diagrams. To be brief, we denote them as [ k, l; R]. These Young diagrams have complex conjugates.
The composite Young diagrams built by putting together diagrams of the above type with conjugates can be denoted as
More briefly we can denote them by [ k, l; R | k , l ; S]. We then need to compute the Casimirs of these non-chiral composites. We will do this in the next section.
e −AN effects : The non-chiral diagrams
We consider the non-chiral Young Diagrams obtained by fusing a chiral Young Diagram and an anti-chiral Young Diagram. The chiral Young Diagram is specified by a pair of p-vectors of integers k, l which specify rectangles of size k 1 l 1 N, k 2 l 2 N, · · · and a set of p + 1 Young diagrams R a of size order 1 as N goes to infinity. The k's are ordered Figure 2 shows a non-chiral
Young Diagram for the case p = 3, q = 3. Generalizing the possibility of negative row lengths in the chiral case, row-lengths for S 2 , · · · S q+1 can be negative.
The row lengths r i of the composite Young Diagram R are as follows :
Although we are only using p-pairs of integers for the chiral Young Diagram
and q pairsk 1 · · ·k q ;l 1 · · ·l q for the anti-chiral Young Diagram, it is useful to define
Using these values for the row lengths we can compute the Casimir using (2.1) and we find
We have defined anti-chiral analogs of (2.2)
Note that this formula is symmetric under exchange of chiral and anti-chiral, which exchanges p ↔ q , R a ↔ S a . It also agrees with the chiral formula (3.3) when we set to zero the anti-chiral variables, r i (S a ), n(S a ),k a ,l a ,n 0 .
From (3.3) we can read off
N 2 and we get an expansion for the parition function (1.1) of the form.
We have separated terms which are a series in 1/N , the terms which involve e −AN and are purely chiral ( written out before in (2.5)) , the terms which involve e −AN and are purely anti-chiral, and finally terms involving e −AN which are composites of chiral-antichiral. The constants c 0 · · · c 3 have been defined before andc 0 · · ·c 3 are obtained by changing R a to other scaling limits of 2dYM can be studied [13] . Whether the 1/N expansion and the exponential terms of the type e −AN can allow us to reconstruct the finite N answer could be studied using techniques of exponential asymptotics [14] . 
An important observation about the sum in (3.3) is that the mixed terms involving products of chiral and anti-chiral can be expressed entirely in terms of (B −B) 2 . Indeed all such mixed terms in (3.3) are included in :
which is exactly equal to −(B −B) 2 when we use the fact
we find that it can be written as − iθ and we separated C 2 (R + ) = κ(R + ) + N B. This can be viewed as a definition of κ(R + ), and the explicit formula for it can be read off from (2.5)
(4.5)
When we neglect the exponential corrections and keep only the 1/N expansion, k a = l a = n 0 = 0 and the only Young Diagram appearing is R 1 . Then the formula for κ reduces, as expected, to i r i (R 1 )(r i (R 1 ) + 1 − 2i).
As we have observed above, all the mixed chiral-antichiral terms in (3.3) come from (B −B) 2 . As a result, we can write
The 
As in the discussion of [12] , the mixed term exp(− Then the same steps lead tõ
. This is the same form as in [12] , but the Z + and κ(R + ) entering this formula are different and are given in (4.4) and (4.5).
D-branes and e

−AN
5-brane and Myers effect ?
The The form l(l + 1) can be understood if we make an assumption about the geometry of these D-strings in the directions transverse to the 2-torus base. We assume that they are not points in the transverse dimensions but rather form a fuzzy geometry by the Myers dielectric effect [15] . It is a familiar fact in fuzzy geometry that when a D-string expands into a 5-brane to form a funnel with fuzzy 4-sphere cross-section, the number of D-strings involved cannot be an arbitrary integer but rather is constrained to be integers of the
where n is a positive integer [16, 17, 18] . If the transverse geometry is a fuzzy CP 2 [19, 20] 
Other possibilities : 3-brane ?
Another possibility is that the transverse geometry of the branes rsponsible for the It is possible that we have to use the K-theory approach to D-brane charges [21, 22] in order to understand the restricted form of the winding numbers.
Stringy excitations of D-brane systems
The detailed structure of (2.5) and (3. 
Conclusions
We have computed a class of non-perturbative contributions to the partition function for two-dimensional Yang Mills theory on a torus, behaving like powers of e −AN multplied by series in 1/N . These contributions come from a class of large Young Diagrams, generalizing the ones that were introduced in this context in [8] . It will be interesting to investigate whether the exponential terms we have described are in an appropriate sense complete e.g whether they provide the complete description of D-branes in the dual topological string theory. The free fermion description of 2dYM may be useful in exploring this question.
We showed that structure of the mixing between chiral and anti-chiral sectors, for the SU (N ) and the U (N ) partition functions, is very similar to the one described in [12] for the 1/N expansion. We discussed the geometrical interpretation of the non-perturbative contributions in terms of D-branes. This discussion is far from complete, but it suggests that a proper geometrical understanding requires the use of more than the T 2 base of the two-dimensional Yang-Mills and should involve the Calabi-Yau described in [12] or the full ten-dimensional background of a physical string related to the topological string of the CY.
One of the approaches we discussed for explaining the detailed form of the exponential contributions involves D-strings blowing up into a D5-branes having a transverse fuzzy CP 2 geometry. Further clarifying the D-brane picture is a very interesting direction for the future.
It will be interesting to explore the meaning of the non-perturbative holomorphicantiholomorphic mixing in the light of connections to black hole entropy [12, 11, 26, 27] .
Large Young diagrams have also appeared recently in the dual gauge theory description of non-perturbative objects in ADS/CFT [28, 29, 30, 31, 32, 33] . 
